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Abstract 

We consider type IIA string theory on a Calabi-Yau 2-fold with D6- 
branes wrapping 2-cycles in the 2-fold. We find a complete set of condi- 
tions on the supergravity solution for any given wrapped brane configu- 
ration in terms of SU(2) structures. We reduce the problem of finding a 
supergravity solution for the wrapped branes to finding a harmonic func- 
tion on RxCY2. We then lift this solution to 11-dimensions as a product 
of R^^'^) and a Calabi-Yau 3-fold. We show how the metric on the 3-fold 
is determined in terms of the wrapped brane solution. We write down 
the distinguished (3,0) form and the Kahler form of the 3-fold in terms 
of structures defined on the base 2-d complex manifold. We discuss the 
topology of the 3-fold in terms of the D6-branes and the underlying 2- 
fold. We show that in addition to the non-trivial cycles inherited from the 
underlying 2-fold there are A^— 1 new 2-cycles. We construct closed (1,1) 
forms corresponding to these new cycles. We also display some explicit 
examples. One of our examples is that of D6-branes wrapping the 2-cycle 
in an Ai ALE space, the resulting 3-fold has h^^'^^ = N, where N is the 
number of D6-branes. 
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1 Introduction 

in two recent papers a framework was developed to find constraints on su- 
pergravity solutions for wrapped branes and to give these constraints, tradition- 
ally found through complicated Killing spinor techniques, a transparent physical 
meaning. The methods have the additional advantage of being computationally 
efficient. This paper is an application of these techniques to the problem of D6- 
branes wrapping supersymmetric 2-d submanifolds in Calabi-Yau 2-folds in 10-d 
type MA supergravity. 

Aside from the intrinsic interest of understanding wrapped brane supergravity 
solutions, there is an additional bonus when the wrapped branes are D6-branes 
- their lift to 11-dimensions is purely geometric. Thus the wrapped brane so- 
lutions can be used to study supersymmetric geometries providing, one hopes, 
some useful insights. We will study the problem from both the wrapped brane 
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perspective as well as its lift to the geometry of a product of 5-d Minkowski space 
and a Calabi-Yau 3-fold. We will focus on this Calabi-Yau 3-fold and relate the 
geometric and topological structures that arise on the 3-fold to those of the 
underlying 2-fold. An intricate relationship between the 2- and 3-folds emerges. 

The problem we study is one of many possible scenarios in which D6-branes 
yield interesting geometries through their M-theory lift. This rich structure of 
wrapped D6-branes in various contexts is discussed in depth in [3J. Providing 
a detailed exploration of these different scenarios is another motivation for this 
paper. In addition to [3J the problem of wrapped D6-branes and their lift to 
Calabi-Yau and G2-holonomy manifolds was explored from a different perspective 
in [4], where several metrics were explicitly constructed. 

This paper is structured as follows. In section 2 we explain in more detail 
the problem studied here, including some background on Calabi-Yau 2-folds. In 
section 3 we describe our methods based on [1, 2J for deducing constraints on 
supergravity solutions for wrapped branes. In sections 4 and 5 we apply these 
methods to the problem and make some observations concerning the solution. In 
section 6 we show how the Calabi-Yau 3-fold arises from the lift to 11-d and give 
a detailed description of its geometry and topology. In section 7 some explicit 
examples are discussed, and finally in section 8 we conclude with a summary of 
our results. 

2 Calabi-Yau 2-folds and wrapped D6-branes 

The methods employed in this paper were explained in some detail in [11 We 
briefly review them here before proceeding to their applications to the problem 
at hand. 

Our goal is to give a complete description of the features of supergravity 
solutions of wrapped D6-branes in low-energy type MA string theory compactified 
on a Calabi-Yau 2-fold. It is immaterial for what follows whether the Calabi-Yau 
2-fold is compact or not. We will sometimes refer to the 2-fold in shorthand as 
a K3. 

We will work simultaneously at three different levels of description. The first 
level is that of type MA string theory at low energies (i.e. describable by super- 
gravity) on R*^^'^)xK3. This background is invariant under 16 real supercharges. 
At the next level we have D6-branes wrapped on 2-cycles of the K3. This is 

^See also [5] where D-brane calibrations are developed independently in the context of 
space-filling D-branes. 
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the actual configuration that we seek to describe in supergravity. The solution 
should preserve 8 real supersymmetries. At the third level we introduce probe 
branes into the D6 supergravity background. The probe branes are introduced to 
help us determine the wrapped D6 solution, they will not modify the supergravity 
background. We will pick these probe branes so that they have an interpretation 
as objects in the flat part of the D6-brane worldvolume theory. 

More concretely, consider type MA string theory on a K3. The supergravity 
solution consists of a constant dilaton and a metric given by: 

ds^ = rji^^dx^dx" + dy^ + 2hMNdz^dz^. (1) 

Here /^Miv is the metric on the K3 with local complex coordinates , M = 1,2. 
The remaining space-time is six dimensional flat Minkowski space. For later 
convenience we have split this space into 5-d Minkowski space with coordinates 
x^, /i = 0, 1, 4 and a sixth coordinate y. 

The K3 has non-trivial 2-cycles on which we can wrap branes. K3 is a complex 
manifold under incompatible complex structures. These inequivalent complex 
structures can be rotated into each other by an SU(2) rotation. This is a reflection 
of the fact that KB manifolds are hyper-Kahler. Any given supersym metric 2- 
cycle in the KB is holomorphic with respect to a particular complex structure but 
not with respect to others. In what follows we will pick a complex structure on 
the K3 so that the 2-cycle we are wrapping D6-branes on is holomorphic. 

The KB has two distinguished 2-forms: the (1,1) Kahler form and a (2,0) 
holomorphic form. The (p,q) label of forms is defined with respect to a fixed 
complex structure- in our case one that is compatible with the wrapped 2-cycle 
being holomorphic. Since the cycle on which the brane is wrapped is holomorphic, 
the (2,0) form vanishes on the cycle while the pullback of the Kahler form is its 
volume form. This fact is often summarized by saying that holomorphic cycles are 
calibrated by the Kahler form. These calibrated cycles are supersym metric in the 
sense that branes wrapping them will preserve a fraction of the supersymmetry. 

The problem we seek to solve is: how can one characterize supergravity 
solutions for wrapped D6-branes. The wrapped D6-branes have two of their di- 
rections inside of the KB and are localized in one direction transverse to the KB. 
We will denote by y the coordinate in which the D6-brane is localized transverse 
to the KB. The D6-brane is Poincare invariant in the worldvolume directions 
transverse to the KB. Since the D6-branes under investigation wrap a holomor- 
phic cycle, it is reasonable to assume that they preserve the complex structure 
of the underlying KB. Therefore an ansatz compatible with these considerations 
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is: 

ds^Q = H^rj^^dx'^dx'' + Hldy^ + 2gMNdz^dz'', (2) 

where Hi,H2 are independent of x'^ due to Poincare invariance in these direc- 
tions. In addition to the metric we will assume that the dilaton and RR 1-form 
potential are allowed to vary. We will set to zero the NSNS 2-form and R-R 
3-form explicitly. The reason we set these two fields to zero is because we wish 
to consider only those configurations that lift to pure geometry in 11-d. 

This is our ansatz. In the next section we determine the constraints on it by 
probing it with branes. 



3 Probing the background with branes 

Into this, yet to be completely determined supergravity background, we now 
introduce brane probes and study them as objects in the worldvolume field theory 
in the flat part of the D6-brane. The D6-brane worldvolume field theory is five 
dimensional. Among the different objects that can exist in this theory are objects 
that come from branes intersecting the D6-brane. The intersections we introduce 
are all supersymmetric and are therefore static objects in the worldvolume theory. 
The worldvolume theory on a static probe p-brane can be written as: 

S^mjdt (3) 

where m is the effective mass of the brane: 

J £da\..daP. (4) 

C is the worldvolume Lagrange density of the brane and the cr* are spatial world- 
volume coordinates. If the brane has q directions along x^ then the intersection 
appears as a g'-brane in the worldvolume of the D6-brane. The tension of the 
g-brane is given by: 

Tg^ [ Cda'i+\..daP. (5) 

where ^p-q is the (p — g)-dimensional submanifold that the p-brane wraps inside 
the KB. We will show that there is a (p — g)-form which when integrated over 
the submanifold computes the tension: 

Tq = l 0|e,_<,. (6) 
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We will take this to be an indication that calibrates the tension and, like 
calibrations, require that it is closed: 



(^40 = 



(7) 



where d4 is the exterior derivative on K3. The above conditions will provide us 
with the torsion class constraints for the geometry ([2]). The derivation provides 
a physical reason for the torsion class constraint - it is the condition that the 
calibration is closed. 

The Lagrange density appearing in the above expression depends on the type 
of brane being used as a probe. For D-branes the Lagrangian can be written as: 



Here Tp is the 10-d tension of the Dp-brane, is the dilaton and G is the pullback 
of the space-time metric onto the worldvolume of the brane. For NS5-branes the 
Lagrange density is given by: 



where a is the pullback of the RR 1-form A onto the worldvolume of the NS5- 
brane. 

Now that the complex structure is fixed by requiring that the wrapped cycle 
is holomorphic, we can consider other submanifolds which may intersect the D6- 
brane. A holomorphic submanifold will intersect our chosen holomorphic cycle 
at either a point or in 1-complex dimension. A Special Lagrangian submanifold 
is one on which the Kahler form vanishes and the pullback of our distinguished 
(2,0) form on to it is its volume form (upto a phase). Such a Special Lagrangian 
submanifold intersects our holomorphic cycle along 1-real dimension. The di- 
mensions of the intersection are important pieces of information for us. 

The particular calibration deduced from the Lagrangian depends on the brane 
configuration considered. We will now systematically examine different objects 
that appear in the D6-brane worldvolume while preserving some fraction of the 
supersymmetry. Since supersymmetry is a local condition it is enough to think 
about flat intersecting branes to determine what the supersymmetric configura- 
tions are. 

• DO-branes. In this case there are no supersymmetric intersections. 



Cdp = Tpe-^ Vdet G. 



(8) 



(9) 
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• D2-branes. To preserve supersymmetry D2-branes have to lie either entirely 
inside the D6-brane or completely transverse to it. In other words the 
intersection has to be either 2-dimensional or 0-dimensional. Since our 
background D6-branes wrap a holomorphic 2-cycle in the K3, the D2- 
branes must either wrap a holomorphic 2- or 0-submanifold. 

• D4-branes. Supersymmetric D4-branes can either intersect D6-branes along 
3 or 1 space directions. In our case these two possibilities correspond to 
D4-branes wrapped on Special Lagrangian 2-submanifolds and localized in 
y or wrapped on holomorphic 2-submanifolds while also stretched in the y 
direction between D6-branes separated along y. 

• D6-branes. For the intersection to lie within the flat part of the worldvol- 
ume the probe D6-branes have to wrap a holomorphic 2-fold - the entire 
KB. 

• Fl-strings. They can stretch between D6-branes separated along y. 

• NS5-branes. NS5-branes can intersect the wrapped D6-branes along either 
3 or 5 space directions. This means that to preserve supersymmetry the 
probe NS5-brane either has (3+1) directions along and is wrapped on a 
holomorphic submanifold, or the NS5-brane has (2+1) directions along x^, 
is stretched along y and is wrapped on a special Lagrangian 2-submanifold. 

A simple argument shows that the volume forms on supersymmetric cycles 
on M. are given by the generalizations of the calibration on the K3 to the appro- 
priate object in the geometry of ((2]). The argument is as follows. The amount 
of supersymmetry preserved is accurately measured in the probe approximation. 
In the probe approximation we find that the volume form on supersymmetric 
submanifolds in K3 are either given by the Kahler form on K3 for holomorphic 
submanifolds or by the real part of the (2,0) form for special Lagrangian sub- 
manifolds (with an appropriate phase choice for the form). The supersymmetry 
conditions rely only on how the gamma matrices with tangent space indices act 
on the spinor, which continue to hold true in the full geometry of ((2]). Therefore 
when we go from tangent space to curved space indices we simply replace the 
Kahler form on K3 with the Kahler form on M. and similarly the (2,0) form on K3 
is replaced by the (2,0) form on M.. By Ad we mean the part of the space time 
(I2)) that has coordinates - i.e. what K3 is replaced by in the full geometry. 

The above identification of volume forms on supersymmetric submanifolds 
as either the pullback of J or Re(e*"i7) (for some appropriate constant phase 
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a), will be important for our analysis as we begin to analyze the various con- 
figurations listed above. Let us consider one by one the above supersymmetric 
configurations. 

Consider first D2 branes transverse to Ai and completely inside the D6-brane. 
The D2-branes appear as 2-branes in the flat part of the worldvolume theory of 
the D6-brane. The action of the D2-brane is: 

5 = T2 y" e-^Hldt A dx^ A dx^ (10) 

The tension of the 2-brane is then: 

T = T2e-'^Hl (11) 

According to our general scheme then e^'^Hf is a calibration for the tension of 
the 2-brane and, therefore: 

diie-^H^) = (12) 

or 

where the dilaton (p is defined so that its asymptotic value as ?/ — > 00 is 0. In 
principle there can be a function of y multiplying the right hand side of the above 
expression. However, such a factor will result in the M-theory lift of the geometry 
to be a warped product of Minkowski space and a curved manifold rather than 
a simple product. So we can conclude that the above identification is correct as 
we expect to lift to Minkowski space times a Calabi-Yau 3-fold. 

Next consider a D2-brane wrapping a holomorphic 2-submanifold S2 in Ai. 
In this case the intersection is dimensional in the flat part of the D6-brane 
worldvolume. The action for the D2-brane is given by: 

S = T2f e-'I'HidtAJ (14) 

where the factor of Hi is from the Goo component of the metric, J is the Kahler 
form which when pulled back to S2 is the volume form on it. The mass of the 
0-brane in the D6-brane worldvolume theory is given by: 

m = T2 / e-^HiJ = T2 I H^^J (15) 

JT.2 JT,2 

here we made use of ( [T3i) in the second equality. From this we deduce that Hi^J 
is a calibration for the mass of the 0-brane and therefore: 

rf4(iJf V) = (16) 
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Thus the rescaled metric H^'^g is Kahler. 

Consider a D4-brane wrapping a special Lagrangian submanifold S2 in Ai 
with the remaining directions of the D4-brane along x''. This appears as a 2-brane 
inside the D6-brane worldvolume theory. The action of the D4-brane is: 



We have written the volume form on E2 as 17 as a short hand for Ree*"^. Since 
the configuration is supersymmetric independent of the constant phase a any 
conditions we derive are equally valid for Q. From the above expression we can 
read off the tension of the 2-brane in the D6-brane worldvolume theory: 



This implies that the calibrating form for the tension is e '^Hffl = Q, from this 
it follows that: 



Thus is a holomorphic (2,0) form. 

D4-branes can also be stretched along the y direction as long as they wrap 
a holomorphic 0- or 1-submanifold in the K3. The wrapped D6-branes can be 
separated along y, the D4-branes then end on the D6-branes. Taking the 0-cycle 
case first, the D4-brane appears as a 3-brane in the flat part of the D6-brane 
world volume theory. The action of the D4-brane is: 




(17) 




(18) 



(^4^7 = 0. 



(19) 




(20) 



The tension of the 3-brane is given by: 




(21) 



which implies the calibration condition: 



= di{e-^H^H2dy) = di{HiH2dy). 



(22) 



From this condition it follows that: 



Hi = H2 



(23) 
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In principle one could include an additional arbitrary function of y multiplying 
the right hand side, say, of the above equation. However, such a function can be 
absorbed into a redefined y coordinate. We turn now to the case of a D4-brane 
stretched along y and also wrapping a holomorphic 1-submanifolds in the K3. 
This appears as a string in the worldvolume theory of the D6-brane. The action 
of the D4-brane is: 

S = T^ [ e-^HlHidt A dx'^ A J A dy. (24) 

The tension of the string tin the D6-brane worldvolume theory is then given by: 

T = T4 / e-^HlH2dt Adx^ AJ Ady (25) 

which implies the calibration condition: 

= di{e-'^H^H2J A dy) = di{H{'^J A dy). (26) 

This equation is the same as our previous relation ( [TBI) , so it doesn't provide any 
new information. However, it gives us confidence in our methods that the same 
relationship can be arrived at by a variety of means. 

Since supersymmetric D6-brane probes must wrap the entire K3, the calibrat- 
ing 4-forms will be maximum rank forms on the K3, and therefore are trivially 
closed with respect to d^. So in this case we cannot extract any new information 
as far as the existence of closed forms is concerned. 

We turn next to the NS-NS sector consisting of fundamental strings and 
NS5-branes. If we introduce Fl-string probes they can stretch between D6- 
branes separated in the y direction. They appear as 0-branes in the worldvolume 
theory of the D6-branes. The action of the Fl string is given by: 

S = TfiJ HiH2dt A dy. (27) 

The mass of the 0-brane in the D6-brane worldvolume theory is given by: 

m = TFi j HiH2dy (28) 

from which it follows that 

d^{H^H2dy) = 0. (29) 
This is a relation that we discovered earlier in (15^ above. 
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For the NS5-brane probes we use the expression for the Lagrangian given 
above 1^. Consider the case of NS5-brane wrapped on a holomorphic subman- 
ifold of the K3. The NS5-brane appears in the flat part of the D6-branes as a 
3-brane. In this case the action is: 

S = Tns5 I A ^ e^'t'ttaabC'^dt A dx^ A dx^ A dx^ A J (30) 

where is the pullback of A onto the holomorphic 2-cycle. Since the tension 
of the 3-brane is given by: 

T = Tns5 I e-^^H^^Jl + e^^aaa.G-'J (31) 

it is clear that the tension can be minimal only if = 0. That is, the pullback 
of A onto the cycle S2 should vanish. So we find that the tension is given by: 

T = Tns5 I e-^'f'HtJ = Tns5 [ H^^J. (32) 

This gives us no new calibration condition. 

Finally, for NS5-branes wrapping special Lagrangian cycles stretched between 
D6-branes separated along y, the NS5-branes appear as 2-branes in the flat part 
of the D6-brane worldvolume theory. The action of the NS5-brane is: 

S = Tns5 I e-'^^HlH2 J I + e^^aaabC^^dt Adx^ Adx^ AVl Ady (33) 

from which the tension of the 2-brane in the D6-brane theory can be read off as: 

T = Tms5 I e-^*HlH2\ll + e^'f>aaa,G-^Q A dy. (34) 

As before the tension will be minimal only if at vanish, that is the pullback of A 
vanishes on the submanifold S2. In this case the tension is given by: 

T = Tns5 [ e-'^'t'HlH^n A dy (35) 
JS2XR 

= T^s5 / H^^n A dy. 

It would appear that d^^H^'^Vt) = 0. This would not be good, since combined 
with our earlier condition d^Vl = would give us a very stringent constraint on 
Hi allowing for relatively trivial solutions. However it is important to realize that 
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Hi is a calibration only on submanifolds on which A has vanishing pullback. 
In other words the condition is really that: 

d^{Hi\n - QMP-r—^dz''' A dz"")) = 0. (36) 

This rather clumsy equation is expressed in a much more elegant form once we 
lift to 11-dimensions as we shall see. 



3.1 Summary and new notation 

In this subsection we collect the results just derived and introduce notation in 
which our results are somewhat more concisely expressed. 

In light of the above analysis, we re-write our ansatz for the metric as 
follows: 

dslo = H^7]^^dx''dx'' + H-^dy^ + 2H'^g[jj^dz^ dz^ , (37) 

Where we have defined H = Hi = H2^. The metric g' defined on Ai is related 
to g through g' = H^^g. Our result ( [T6l) shows that g' is Kahler on Ai. We 
associate a Kahler form with this rescaled metric, J' = H^^J which is closed, 
but, consequently, Vl' defined with its usual relationship to J' is not: 

d^J' = 

diiH^n') = (38) 

J' A J' = --Q'AQ' 
2 

The dilaton was determined in (llSp : 

e"'^ = (39) 

expressed now in our new notation. 

We have still not determined the R-R gauge field A. We do this in the next 
section. 



4 Generalized calibrations and determining 
the R-R 1-form A 

We have used brane probes to determine a number of conditions on the super- 
gravity solution for wrapped D6-branes. In this section we will show how to 
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determine A by using generalized calibrations. The essential idea behind gener- 
alized calibrations [6J is that for BPS states, the charge and mass are equal to 
each other. Generalized calibrations equate the Lagrange density of the brane, 
which is the mass density for static branes, to the tensor field electrically sourced 
by the brane. In our case the D6-branes wrap a holomorphic 2-cycle of the K3. 
A probe D6-brane has a worldvolume action given by: 

S = T6 [ e-^H^dt A dx^ A dx^ A dx^ A dx^ A (i/V) (40) 

We use this action to identify the 7-form that couples electrically to D6-branes: 

A-j = e'^H^dt A dx^ A dx^ A dx^ A dx"^ A {H^J') 

= H^dt A dx^ A dx^ A dx^ A dx"^ A f (41) 

where we have simplified the expression using ( l39l) . 

The R-R 1-form is related to the above expression through: 

F2 = dA = *dA'j 

= *{-dt A dx^ A dx^ A dx^ A dx^ A {d^H^ A f + dy{H^J') A dy)) 
= -idLH-^dz^ Ady + idMH-^dz^^ Ady + dyJ' (42) 

Once we know F2 we can in principle determine A. We shall see that it is possible 
to write down a simple expression for it. But first we impose the equations of 
motion for A. We have by construction satisfied d*F2 = but still not required 
that F2 is closed: 

Q = dF2 = 2idLdMH-^dz^ A dz'^^ Ady + dp' A dy (43) 

In components this equation states: 

Q = 2dLdMH-' + dlg'^^,. (44) 

Since g' is Kahler, it can be expressed in terms of a Kahler potential K as: 

9'lm ~ ^LduK^z^z^y). If we express g' in terms of K, (l44l) reduces to: 

Q = dLdM{'2H-^ + dlK) (45) 
from which one concludes that: 

2H-' + dlK = f + f (46) 
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where / is a holomorphic function of z^^ . Since K is defined through g' it is 
possible to shift K by holomorphic and anti-holomorphic functions of 2;*^ without 
affecting their defining relationship. This allows us to shift /. We fix / now by 
specifying the behavior as ?/ ^ 00. In this limit we are in a region far from the 
D6-branes, the metric should approach R^^^'^^xKS, or H ^ l,g' ^ h, where 
h is the metric on the K3 in ([1]). The behavior of K is not determined by 
these conditions. We choose dyK ^ in this limit. Thus without any loss of 
generality we pick: 

2H-^ + dlK = 2 (47) 

Using this equation it is now straightforward to write down a simple expression 
for A so that it gives the correct field strength F2 = dA as given in ( 14^ : 

A = -'-dudyKdz'^ + '-dMdyKdz^. (48) 

We have found an expression for A in terms of the Kahler potential K for g' . 
K and H satisfy equation ( l47l) which has to be imposed separately. 



5 Some further observations 

We have made some progress in writing down constraints on the supergravity 
solution of wrapped D6-branes. At this point we would like to explore the con- 
sequences of some of the relations that we have written down. 

We begin our analysis by trying to reconcile the three equations involving 
J' and Vt' collected in (1390 . We have already noted that J' is closed and can 
be expressed in terms of a Kahler potential. We have not yet properly analyzed 
the remaining two equations involving Q! . The first of these states that H^Q.' 
is (i4 closed. Since Vt' is a (2,0) form on M., we can conclude that H'^Vt' is 
holomorphic in z^ : 

n' = 2i7-2/(2*^ y)dz^ A dz^ (49) 

where / is holomorphic in z^^, the factor of 2 is introduced for later convenience. 
We have allowed / to have a dependence on y for now. We will see later that 
there is no such dependence. Now using the third of the equations in (j39|). we 
conclude that: 

./d^' = H-'\f\\ (50) 

Consider the limit y ^ 00. In this limit, far from the D6-branes, one should 
recover the product of KB and Minkowski space geometry: H ^ 1 and g' ^ h 
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the metric on K3. We will argue later that dy^l = 0, but if we assume this result 
now, we can conclude that 

= Vdeth (51) 
where h is the metric on the K3 as given in ([1]). Finally we can conclude that 



= (52) 
vdet h 

That is given in terms of the determinant of g' means that our differential 
equation ( |47|) is non-linear. This non-linearity is surprising. The reason it's 
surprising is that we can have an arbitrary number of D6-branes distributed along 
y without violating supersymmetry. It is difficult to see how one can reconcile 
this fact with a non-linear equation. A linear equation is easier to reconcile 
with this freedom to add D6-branes, since for linear equations one can superpose 
solutons. We will explore one resolution to this problem. The solution we propose 
is based on the fact that the complex submanifold that the D6-brane wraps is 
co-dimension one in the 2-fold. We consider the possibility that (at least locally): 

K = Ko{z^, z^) + K^{y, F{z^'), F(z^)). (53) 

We have split the Kahler potential so that Kq is independent of y, it is the Kahler 
potential for the K3 metric. While Ki depends on y, but the dependence on 
z^'^ is only through a holomorphic function F of these variables and its complex 
conjugate. The reason for this peculiar restriction is that we have in mind that 
F(z) = c defines the submanifold on which the D6-branes are wrapped. The 
metric generated by K can be written as: 

huN = OmOnKq (54) 

Since Ki depends on the coordinates on Ai through a single holomorphic func- 
tion and its complex conjugate: 

det A; = 



det^' = VdeU(l + /i^^^fcMJv)- (55) 



With this choice of Kahler potential, and our expression for H given in (!52i) . we 
find: 

if-4^(l + /,^%,^). (56) 
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Our non-linear differential equation (1470 now becomes: 

= 2h^'^kMN + dlKi 

= 2h^'^dMdj^K, + d^yKi (57) 

a linear one for Ki due to our ansatz (15^ . This linear equation states that Ki 
is harmonic on K3. We can transform this into an equation for H by applying 
dy to the above equation: 

= 2h''^dMdj^H-^ + dlH-\ (58) 

So, H^'^ is a harmonic function on K3. 

There is an important consistency condition that must be satisfied if Ki de- 
pends on the holomorphic coordinates only through a single holomorphic function 
(1531) . The differential equation ( l57l) is only sensible if the equation: 

h^'^dMFdj^F = L{F, F) (59) 

can be satisfied for some function L of F,F. 



6 Calabi-Yau 3-folds from 2-folds 

in this section we lift the D6-brane metric to 11-dimensions and relate this to 
Calabi-Yau 3-folds. It is an intricate story. 

The lift of our ten dimensional metric ( IHTI) to 11-dimensions is given by the 
familiar circle bundle over the 10-d type MA string-frame metric: 

dsj^ = e~'^dslo + e^idip + Ajdx^)^ (60) 
= r]^^dx^dx'' + H-^dy^ + H\d^ + Audz^^ + AMdz^f 
+ 2gMNdz''dz^ (61) 

The space-time is a product R*^^'^) x M where A/" is a 6-dimensional manifold 
with metric: 

ds^ = H-^dy^ + H\d^ + Audz^ + AMdz^f + 2gMNdz^dz^. (62) 

Since it preserves 8 supercharges, M must be a Calabi-Yau 3-fold. 

In the remainder of this section we determine the calibrating forms on A/", 
show that A/" is a complex manifold, that it is Kahler, that there is a global (3,0) 
form, and determine the topology of A/". 
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6.1 Calibrating forms on J\f 

We expect to have a 2- and a 3-form which calibrate minimal 2 and 3-submanifolds 
These calibrating forms are the Kahler and (3,0) forms on the 3-fold as we shall 
show a little later. For the moment we simply want to show that all the cali- 
brating forms that we have found before can be collected together in these two 
forms. 

Consider first a D2-brane wrapped on a energy minimizing holomorphic sub- 
manifold of the 2-fold. This lifts to an M2-brane wrapped on a holomorphic 
2-cycle of the 3-fold M . The mass of this configuration is give by (ITSi) : 

m = Tj J' = Tm2 I J'- (63) 

Our method suggests that J' should be closed with respect to the exterior deriva- 
tive (ie on M . This is too strong a condition, however. All we need is that it 
is closed upto a 2-form which has zero integral over a minimal 2-cycle which is 
completely contained in M.. We can calculate the exterior derivative of J' to 
find: 

deJ' = dyJ' Ady + diJ' = dyJ' Ady. (64) 

So this is alright since it satisfies our criterion that J' calibrates holomorphic 
2-cycles in Ai. We are interested in finding a calibrating 2-form on J\f with J' a 
term in it - since J' calibrates those cycles inside of the 2-fold. It is easy to see 
that implies: 

4 J' = F2A dy. (65) 

and therefore: 

de{J' + dy A A) = 0. (66) 

It might be tempting to identify J' + dy A A as our calibrating 2-form, but it 
is easy to see that on its own it is not gauge invariant. Only the combination 
d'ip + A is gauge invariant. If we make this substitution we find a gauge invariant 
quantity that is manifestly closed and gauge invariant: 

uj = J' + dyA{dtp + A). (67) 

While the first of the terms in the above expression has a simple interpretation in 
terms of calibrations the other two were included to make the expression closed 
under rfg while maintaining gauge invariance. As we now show, this new term also 
calibrates brane configurations. The term dy Adip calibrates M2-branes wrapped 
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on the M-theory circle ip and stretched along y, as can be seen by writing the 
volume form on this space: 



H'^dy A {H-'^)di) = dy A dip. 



(68) 



These correspond to the minimal energy Fl-strings stretched between D6-branes 
that we studied in section 30. From this point of view, dyAA had to be included 
to make dy A dip gauge invariant. We will show a little later in this section that 
LU is the Kahler form on J\f. 

We turn now to 3-cycles in J\f. Consider D4-branes wrapped on special 
Lagrangian 2-cycles on A4. D4-branes are M5-branes wrapped on the M-theory 
circle ip. The wrapped M5-branes are 2-branes in the flat part of the space time 
which preserve supersymmetry. The tension of the 2-brane is given by ( I2U1) : 



with the understanding that T4 = Tm5 J dip. From our previous results we know 
that H'^n' A dip is closed under d^. We invoke a further fact about Calabi- 
Yau 3-folds which provides an argument for why dy{H'^VL') = 0. The 3-form 
H'^Q! Adip should be part of a holomorphic (3,0) form which calibrates 3-cycles. 
If it depended on y it would not be possible to make it part of a holomorphic 
3-form without including a term that depended explicitly on ip. We have already 
assumed that is a Killing vector and therefore all quantities are forbidden from 
having any dependence on ip. This proves that dy{H'^Vt') = 0. It follows then: 



We have thus constructed a closed 3-form. Again we encounter the problem of 
non-gauge invariance. If we substitute dip ^ dip + A to make the expression 
gauge invariant, the new expression H^Vl' A (dip + A) is not closed, in fact: 

deiH^n' A {dip + A)) = H^Vt' A F2 = iH'^Vt' A {dMH'^dz^' A dy) (71) 

In the last equality we used that J' AVl' = 0. It is possible to construct a new 
closed gauge invariant 3-form C,: 




(69) 



deiH^n' A dip) = 0. 



(70) 



C = H^n' A{diP + A- iH-^dy). 



(72) 



^In comparing the expression one must use the relation Tpi ~ T'a/2 / d-ip. 
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The last term is added to make the 3-form closed. This new term has a simple 
interpretation as it is precisely the calibration needed for NS5-branes wrapped on 
special Lagrangian 2-cycles in and stretched along the y-direction. This is 
the calibrating form found earlier in section 3 on minimal cycles with a vanishing 
pullback of the gauge field A. The 3-form ( succinctly combines all the calibrating 
forms we discovered in section 3 for submanifolds that are 3 dimensional when 
the geometry is lifted to 11-dimensions. 

If we return to the remaining brane intersections of section 3, one can straight- 
forwardly check that all of the tensions calculated there are reproduced by u and 
(. Thus all the calibrations in 10-d are contained in their 11-d counterparts: u 
and C- 

We will see shortly that cu is the Kahler form and that ( is the unique (3,0) 
form on Af. But even at this stage it is possible to prove an important relation 
between a; and 



This is exactly the relationship that the Kahler form and the (3,0) form must 
satisfy. 

6.2 is a Kahler manifold 

There are a number of ways to proceed here. We follow a route that uses 
the calibrating forms from the previous section. We define an almost complex 
structure on J\f. Let e'^,e" be (1,0) one forms with respect to the complex 
structure on M. that provide a local frame: 



= 3 J' AJ'AdyA {d^J + A) 
3 

= --Q' AQ' Ady A{d(l) + A) 



(73) 



9mn 




(74) 
(75) 



On M we define an almost complex structure: 



e 



(76) 
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= (77) 
E"" = -iH-^dy + H^dtfj + A) (78) 

One can check that with this choice: 

Gij = ^{E^E'j + EfE^ + E^E'^ + E'lE^j + EfEy + EfEy) (79) 

uj = ^(E" AE" + E^ AE^ + E"" AE'^) (80) 

C = E'^AE'^AE'". (81) 

Gij in the above is the metric on M given in Thus, uj and C, are (1,1) and 
(3,0) forms with respect to this almost complex structure. We now show that 
this almost complex structure is integrable. Recall |7] that in general a (1,0) 
form E^ satisfies: 

dE"^ = aJ^pE'' AEP + V^pE"" A E^ + c^^E" A E^ (82) 

That is, the exterior derivative of a (1,0) form can have terms that are classified 
as (2,0), (1,1) and (0,2) forms. The almost complex structure is integrable if 
and only if there is no (0,2) piece [7J (i.e. = 0). In the case of E^ and E'" , 
we have already assumed that there there are complex coordinates in terms of 
which 

E"^ = eZdz'^, (83) 
thus for these two cases the coefficients vanish. In the case of E'^ we find: 

dE"" = -2E^dN In H E"" A E"" + 4E^dN In HE"" A E"^ 

+ 2E^dN In HE"^ A E"" -^dyH^E'"' A E"" (84) 

+ idyg'MNE^ESE^AE\ 

Since there are no (0,2) terms in the above expression the almost complex struc- 
ture on M is integrable. This completes our proof that A/" is a complex manifold. 

When the almost complex structure is integrable it is possible to define a 
complex structure or, equivalently, there are local holomorphic coordinates. We 
already have z^^ defined on M that we inherit as holomorphic coordinates on 
A/". We now construct a third holomorphic differential in terms of which one can 
define a new complex coordinate. Let: 

drj^ = dz-^, 

drf = dz^, (85) 
dTf = dip -iH-^y + {d- a). (86) 
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We have introduced the following notation here 



a 



--dydAiKdz 
a + a 



M 



A 



(87) 



That is, a is the (1,0) part of A. It is straightforward to check that d^d-rf) = 
by using (j47D. In addition: 



where M = 1,2 in the above expression. 

In this subsection we showed that A/" is a complex manifold and that the 
would-be Kahler form cu is closed. These prove that J\f is Kahler. In addition we 
showed that C is a (3,0) form. It is globally well defined since it measures the 
volume of minimal 3-submanifolds. 



In addition to the non-trivial cycles inherited by J\f from the underlying Calabi- 
Yau 2-fold, there are non-trivial 2-cycles due to the presence of the D6-branes. 
To see this, we note that the harmonic function (cf equation l^5E^ )H~^ blows 
up at the location of the D6-branes. One can see this by noting that the source 
equation dF2 = is satisfied everywhere except at the location of the D6-branes 
where there is a "delta-function" singularity. This indicates that H^^ is singular 
at the locations of D6-branes. At the locations of the D6-brane the circle fiber 
with coordinate 4' collapses since the radius of the fiber is given by H'^. Now 
consider two separated D6-branes. Let their locations be labeled by pi and p2, 
respectively. Then, just as in [8J, we can consider a line joining pi and p2- As 
long as we don't encounter any other D6-branes on this line the circle fiber is 
non-singular except at the end points. Thus we have a circle fibered over a line 
segment with the fiber collapsing only at the ends - it has the topology of a 
2-sphere. The minimal volume of this 2-sphere is measured by cu as we discussed 
earlier when the D6-branes were separated along the y direction. 

These 2-cycles can be labeled as Sij where i,j are D6-brane labels. Each pair 
of distinct D6-branes is associated with a 2-cycle. The 2-cycle, Sij, say, collapses 
when the locations of D6-branes i and j coincide. Notice that Sij + Sjk = Sik in 
the sense of homology. We have thus shown that there are an additional — 1 
2-cycles relative to the topology of the underlying Calabi-Yau 2-fold. 



E"" = 2H\Mdv^^ + H'^drf 



(88) 



6.3 The topology of M 
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We now attempt to construct elements of the cohomology group H^^'^^ of AT 
corresponding to the proliferation of 2-cycles due to the presence of D6-branes. 
To do this, we use our ansatz (!53l) for the geometry which gives us the linear 
differential equation ( 1580 . We write: 



1=1 

N 

K, = (89) 



1=1 



with the label / of /i^'^ and k^''^ running over the D6-branes. With this ansatz, 
equation (147|) reduces to N independent equations: 

+ = 0. (90) 

The gauge field A also splits up into a sum: 

A = (91) 

I 

A« = -'-dydMk^'^dz^' +'-dydMk^'Uz'^ (92) 

This split is a consequence of our ansatz for Ki which we introduced for the 
specific purpose of making our problem linear. 
Consider the set of differential 2-forms: 

a« = rf(i7^/i(')) A (# + A) + i/V^Fs - d^C) 

= d{H^h^'\d^ + A) - A^'^) (93) 

with / = 1,...,A^. These 2-forms are manifestly real. In general, 2-forms are a 
sum of (2,0), (0,2) and (1,1) forms. The a*^') are (1,1) forms as can be checked 
by noting that a^''^ A C = 0. The a^'^ are closed, as is clear from the second 
equality in the above equation. Therefore we have constructed a set of (1.1) 
closed differential forms. Our construction is based on a similar construction for 
Taub-NUT spaces presented in [9j (see also [8j). It is important to note that 
these closed forms are not independent. Note that 

N 

Y^a^'^ = -d{H\dxlj + A)) (94) 
1=1 
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is an exact form. Therefore, there are only a total of — 1 independent (1,1)- 
forms that are closed but not exact. 

We can conclude that h^y^ = ^cil^ + — 1 where is the number of 
D6-branes, and a^''^ provide the remaining — 1 closed (l,l)-forms. 



7 Some explicit examples 

it would be interesting to construct some explicit examples based on the formal- 
ism presented above. In this section we apply the general formalism to a few 
cases. The first case is a reproduction of known results but derived independently, 
while the second is, as far as I am aware, a new result. 



7.1 Taub-NUT spaces 

In this example we consider the case where the Calabi-Yau 2-fold is simply C^. 
If we denote by and z"^ the global coordinates on C^, we will "wrap" our D6- 
branes on the 2;^-plane. In other words our D6-branes are wrapped on holomor- 
phic submanifolds given by = Ci. Ordinarily, we would say that the D6-branes 
are localized at z'^ = Ci. We have to solve (l47f) . Our linearization ansatz tells us 
that Ki depends only on a single holomorphic function of z^, z^ . It is clear that 
the holomorphic function that we want to depend on is z^) = z^ . We 

solve the harmonic equation (1551) that replaces (l47l) once we make the lineariza- 
tion ansatz. Thus (using the metric h^fi = Vmn on C^): 

= d^H~^ + 2h^~^didiH-^ 

= d^yH-^ + AdidiH-^ (95) 

This equation can be solved: 



N 



^^S(k^-c.P + (2/-a,)2)V2 (96) 

where we have allowed the D6-branes to be at independent positions y = in 
the y direction. We can also find Ki explicitly through the relation ( l47l) : 

N 

Ki = 2qJ2[iy-a,) ln{(y-a,) + ((y-a,)2+|;^^-c,n(V2))}_((^_«^)2+|^i_^^|2)(i/2)]^ 

i=l 

(97) 
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The metric g' is: 

922 = + d2d2Ki = i (98) 

The gauge field A can be calculated explicitly using ( l48l) . Here we simply write 
down the expression for F2 in this case using ( l42l) : 

F = idyA {diH-^dz^ - diH-^dz^) + ^-dyR-^dz^ A dz^ (99) 

The complete metric on J\f is given by: 

ds^ = \dz^\^ + H-\dy^ + \dz^\^) + H\d^ + Aidz^ + Aidz^f (100) 

The reader will recognize this geometry as that of CxTNj^j where TNj^j- denotes 
A^-centered Taub-NUT space. 



7.2 D6-branes in Ai spaces 

Next we consider wrapping D6-branes on the collapsed cycle of an Ai ALE 
space. We begin our analysis by writing the metric on a resolved Ai space. We 
choose to write the metric in a form that is inspired by {Wj because the physical 
interpretation is clear. 

An Ai singularity can be expressed as a submanifold of C^: 

xl + xl + xl = (101) 

which, after a change of coordinates, can be re-written as: 

a/? -72 = 0. (102) 

Following [To] we replace this equation with: 

(103) 

In this equation [lOj Ai,A2 are only defined up to a multiplicative factor. The 
pair of equations amount to the previous equation (11020 whenever A, B and C 




are not all zero. For such points the pair (Ai, A2) determine a point on Pi. When 
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the entries of the matrix all vanish, Ai, A2 are unrestricted and are coordinates 
on a whole Pi ~ S'^. The non-trivial 2-cycle has two patches where Ai 7^ 
and H where A2 7^ 0. On the patch A = A2/A1 is a good coordinate while 
on H^, fi = A1/A2 is a good coordinate. On the overlap the two coordinates are 
related through the holomorphic equation A = 
Consider the metric: 

dsl = 2hf,^j^dz^dz^ (104) 

where h is derived from a Kahler potential for which we take the ansatz (again 
inspired by the conifold [IQj): 



Ko = G{r^) + aHn{l + \^i\^) (105) 

where G is a function of 

= l{\a\' + \(3\' + 2\^n (106) 
On the patch H_, 7 = —fia, (3 = fi'^a and 

r2 = i|ap(l + HY. (107) 
Defining G' = dj-^F, the determinant of the metric h can be written as 



= -d^,{^r^G'f + a'ir^G')}. (108) 

Requiring that the metric is Ricci flat amounts to demanding \/h = c where c is 
a constant. The most general solution is: 



r^G' = -(-a^ ± ^a^ + A{2cr^ + cq)) (109) 

Standard normalization in the limit a — > sets c = 1/2 and a choice of the plus 
sign in the square root. Requiring also that we get the metric on Pi at r = 
implies that cq = 0. We can integrate one more time to obtain: 



Va^ + 4r2 - a 



2 



G = -[2Va4 + 4r2 - Inr^ + ln{ \ / -}] (110) 

2 V a + 4:r^ + a"* 
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The metric h derived from the above Kahler potential is that of a resolved Ai 
singularity, where the non-trivial 2-sphere is located at r = and has radius a/2. 
The coordinate on the 2-sphere is fi on this patch. The same analysis can be 
carried out on the patch with a = A^/?,7 = —A/3. 

We wish to solve for the metric of a D6-brane wrapped on the blown-up two 
cycle of an Ai ALE space. The coordinate on the sphere on the patch H_ is /i. 
This would be a good coordinate on the wrapped D6-brane. We wish to solve 
(!58l) with the metric h as above. To do so we must find a holomorphic function 
F on the resolved ALE space that satisfies (15^ . The holomorphic function F 
serves as a holomorphic coordinate transverse to the brane. Unfortunately we can 
only find such a function when a = 0, the case when the two-cycle is collapsed. 
This may simply be a failure of imagination on our part or it could suggest that 
the linearization we performed in section 5 fails in this case. In any case we show 
how to find the metric when a = 0. We work in the patch H where /i is a good 
coordinate. We pick F = a. The 2-cycle is located at a = 0. In this (a = 0) 
case the metric takes the simple form: 



hr 



1 

2^2 |a| 



ha, = -^K-y^' (111) 

V2 a 



h^fi = \/2\a\ 
The harmonic equation ( 1581) takes the form 



= {d'y+ AV2\a\dada)H-\y, a, a) (112) 
This equation can be solved for a stack of branes at y = and a = 0: 

^'' = ^ + ^?((y-l/.)423/>|)V2 (113) 
The Kahler potential Ki can also be found using equation ( 147!) : 



^1 = 2^ y-T/i 2 + 23/2 « - y-y, In ; 

(y - y.) - V%^^Ij^+2^ 

(114) 



i=l 
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The Calabi-Yau 3-fold metric (16 2 p is given in terms of H ^ , the metric g' and 
the 1-form A. The metric g'j^^^ = OmOj^IKo + Ki) is given by: 



9aa "oa o3/2l^,l 2^ 



23/2|a|^((2/_y,)2 + 23/2|a|)l/2 

1 1 + , g V- 1 



^ o3/2U,l 



2v^ |«| 23/2|a| ^ ((y-y,)2 + 23/2|«|)l/2 

while the 1-form A is: 

A = V , ~ {-da - -da) (116) 

2 ^ ^(y_^/.)2 + 23/2|a| « a 

The metric for the Calabi-Yau 3-fold (1621) is completely specified in terms of the 
above quantities. 

We can also construct the (3,0) form and Kahler form for the 3-fold. The 
(3,0) form is expressed in terms of the (2,0) form Vt' . In the coordinates a.fi the 
(2,0) form takes a very simple form: 

n' = V2H~^daAdix (117) 

the (3,0) form is then: 

( = V2da A dfi A [di/j + A - iH-'^dy) (118) 
and the Kahler form to is given by the expression: 

u = J' + dy A{dilj + A) 

1 l + |/i|2 , g ^ 1 



n 



2V2 \a\ + 23/2|a| ^ {{y - y,)2 + 23/2|a|)V2)^« ^ ^« 



+ —=iii-f''^da Adfi+ —=Jii-f^'^dii A da + i\/2\a\dfi A dji (119) 
V2 a V2 a 

-|- (iy A (rf?/^ — — (1/ l/») _ —(iQi\\ 

2 V^(z/-l/i)2 + 23/2|a| « « 
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In addition to the quantities computed above, we can also write down ex- 
plicit expressions for the additional elements of H^^'^^ as explained in section 6. 
This completes our discussion of wrapped D6-branes on an Ai singularity. This 
wrapped D6-brane geometry is studied from a different point of view in [4J, it 
would be interesting to understand how these two points of view are related to 
each other more explicitly. 

8 Conclusions 

This paper provides a supergravity description of D6-branes wrapped on 2-cycles 
in Calabi-Yau 2-folds. The supergravity description of the wrapped branes is 
then related to the geometry of non-compact Calabi-Yau 3-folds through an 11- 
d lift. In addition to the metric, the Kahler form and (3,0) form are explicitly 
constructed. 

In passing from the general description to explicit solutions one must solve 
the non-linear differential equation ( l47l) . We argue that one should be able to 
write an ansatz that makes this equation linear because in principle one can 
stack an arbitrary number of D6-branes. One way to achieve this linearization 
is explained. This yields the simpler equation ( ISSft . The linearization ansatz is 
used to construct some explicit examples in section 7. 

In general the 3-folds studied here are argued to have an additional set of 
(A^ — 1) 2-cycles relative to the ones inherited from the underlying 2-fold. The 
additional elements of the cohomology group H^^'^^ corresponding to these new 
cycles are constructed in section 6 using the linearization ansatz. 

There are many directions opened up by our analysis. The most obvious is to 
find new solutions to the equations presented here. These include generalizing 
the wrapped brane configuration on the singular Ai space presented in section 7 
to the resolved case. 

The D6-brane geometries studied here are dual to 5-d gauge theories that 
preserve 8 supercharges. These gauge theories are closely related to Seiberg- 
Witten theory in 4 dimensions. The study of the 5-d theory was initiated by 
Nekrasov in [llj. It would be interesting to apply the ideas of AdS/CFT to 5d 
gauge theories with the help of these geometries. 
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